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Motivation and Background

• Extended algebras acting on BPS states of supersymmetric field theories in various dimensions


• Supersymmetric indices/partition functions as characters


• Quantum algebras acting on homology, K-theory, elliptic cohomology of quiver varieties


• 3d mirror symmetry/symplectic duality and enumerative geometry of quiver varieties evolve 
together with physics. Becoming indistinguishable. Physics <-> Geometry


• Exponential  growth of states counted by indices.  holography — saddle points. 
Geometry -> Physics?

N3/2 AdS4



Outline

• Rapid review of (geometric aspects of) 3d  (quiver) gauge theories


• Vortices and curve counting


• 3d mirror symmetry/symplectic duality


• Physical realisation of vertex functions and characters of quantised coordinate rings [Bullimore, SC, 
Zhang]


• Elliptic cohomology and duality interfaces [Bullimore, SC, Zhang (in preparation)]


• Mirror symmetry of twisted indices and quantum K theory of quiver varieties [Dinkins, SC, Zhang (in 
preparation)]


• Geometry of the AdS/CFT correspondence?

𝒩 = 4



Background on 3d  gauge theory𝒩 = 4

• SYM theory preserving 8 supercharges 


• Specified by gauge group  and representation 


• Built from vectormultiplets  and hypermultiplets 


• Symmetries:


•  global symmetry


•  R-symmetry

Qa ·a
α

G R ⊕ R̄

(Aμ, σ, φ) (X, Y)

GH × GC

SU(2)H × SU(2)C

TQ
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BPS Zoo



• Higgs vacuum moduli space  is a Nakajima quiver varietyℳH

Quiver gauge theory

MH = T ⇤Rep(v,w)//✓G
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GH y MH
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C⇥
t
y MH
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Assume  

• Generic FI parameters  and masses 
.  is smooth and  is finite. 




•  is GKM.


•  is good:

ℭC
ℭH ℳH ℳ𝖳H

H
α ∈ ℳ𝖳H

H

ℳH

𝒯 TrC[MC ] =
X

m2Hom(C⇥,T )

t�(m;R)

<latexit sha1_base64="cIJdlVXr7FsI8NQbbpg/SUr+Ia0="></latexit>

 is generated by tautological classes  and  


[McGerty and Nevins]


FI parameters 

K𝖳H
(ℳH) 𝒱 𝒲

ζ ∈ Pic(ℳH) × ℂ×

KTH
(MH) = Z[s±1

i
, x±1

i
, t±1]/R
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TH = GH ⇥ C⇥
t
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• Theories  also have a Coulomb branch 


• Parametrised by vevs of monopole operators built from vectormultiplet 


• Assume pair of symplectic resolutions  and 


• 3d  gauge theories come in mirror pairs [Intrilligator and Seiberg]


• Zeroth order statement:


• BPS objects match across the duality. We study boundary conditions and vortices.

𝒯 ℳC

(Aμ, σ, φ)

ℳH ℳC

𝒩 = 4

3d mirror symmetry



Vortices and enumerative geometry

• Vortices are  BPS time-independent solitons1/2

X,Y ! ↵ at 1
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µC = 0
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Dz̄X = Dz̄Y = 0
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d =

Z

P1

TrF

<latexit sha1_base64="0jsee34FTFD+UxKpVOKhQu7kSUk=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgupCQ+0I1QFMRlhb6gqWUymdbBySTM3Igl5EPc+CtuXCjixoXg3zhpu9DWC8MczrmXe+7xY8E1OM63NTM7N7+wWFgqLq+srq3bG5sNHSWKsjqNRKRaPtFMcMnqwEGwVqwYCX3Bmv7dRa4375nSPJI1GMSsE5K+5D1OCRiqax96fiQCPQjNlwYZPsMel9BNvZDAre+n1ezGzbAH7AHSmjJoH1927ZJTdoaFp4E7BiU0rmrX/vSCiCYhk0AF0brtOjF0UqKAU8GyopdoFhN6R/qsbaAkIdOddHhchncNE+BepMyTgIfs74mUhDr3bzpzz3pSy8n/tHYCvdNOymWcAJN0tKiXCAwRzpPCAVeMghgYQKjixiumt0QRCibPognBnTx5GjQOyu5R+fj6qFQ5H8dRQNtoB+0hF52gCrpCVVRHFD2iZ/SK3qwn68V6tz5GrTPWeGYL/Snr6wfQG6HJ</latexit>

• [Okounkov et. al.] Quasimap moduli spaces

•  rotates base,  action on .


• Study invariants by equivariant localisation

ℂ×
q 𝖳H ℳH

QMd
↵
(MH) = {f : P1 ! MH : f(1) = ↵ , deg f = d}

<latexit sha1_base64="bIKFAQ7OVlWwLK/HeKO44QbEU54="></latexit>

⇤F + µR = 0
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Physical setup
• Place on a hemisphere 


• Boundary condition  at finite distance


• Particular class of (Dirichlet) boundary conditions associated to fixed chamber 

𝒯 S1 × H2

ℬα

ℭH

• We compute the partition function  by supersymmetric localisation. (Vortex pfn).𝒵S1×H2(ℬα)



• Vertex function counts quasimaps . 


•  has a virtual deformation-obstruction theory. Compute the vertex function by 
localisation.

ℙ1 → ℳH

QMd
α(ℳH)

Vertex functions

V↵(MH) 2 KC⇥
q ⇥TH

(MH)Loc.

<latexit sha1_base64="ivT7Q0Qp6j6Pdx7fXvGAbwmOuaw="></latexit>

V↵(MH) =
X

d2H2(MH ,Z)
⇣d �C⇥

q ⇥TH
(QMd

↵
)

<latexit sha1_base64="XHQ7wcey/1hi/jF3CTPMwl+QGBk="></latexit>

• Upshot:
ZS1⇥H2(B↵) = e�↵PE


1� t

1� q
N+

↵

�
V↵(x, ⇣; q, t)

<latexit sha1_base64="M51AW+oAtDEox2UEZ1XagKmIE6s="></latexit>



State-operator map

• State-operator principle tells us: HH2 = OpsR2
0
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• Place theory on  with -deformation.  . `Alternative quantisation’.ℝ≥0 × ℝ2 Ω Q2
H,C = ℒV

• Quantises the bulk rings  — quantum symplectic reduction, classified by ℂq[ℳH/C] H2(ℳH/C, ℂ)

• In particular, sum over boundary monopoles.

ZS1⇥H2 ⇠ TrH2 (�1)F e{Q,Q
†} = TrOps (�1)F e{Q,Q

†}

<latexit sha1_base64="M7V9MusoBiJg5poc95XT/ldKZDw="></latexit>

• Heuristically:



Example



Modules

• Half index: I(B↵) = TrOps (�1)F e{Q,Q†}

<latexit sha1_base64="g3e/Nv3u8ySFuvpsmZnp1Du+xf8="></latexit>

• In specialised limits (A-limit and B-limit) the index receives contributions from only  or 
 cohomology. Higgs or Coulomb operators for good theories.


• Geometrically (states), counts holomorphic functions supported on Lagrangians or fixed 
points of QM moduli space.


• Algebraically (operators), half index of  gives Verma character of  or .

QH
QC

ℬα ℂq[ℳH] ℂq[ℳC]





Elliptic cohomology

• K-theory class:  copies of functions on |ℳ𝖳H
H | (ℂ×)N KTH

(MH) ,!
M

↵2MTH
H

Z[x±1
1 , . . . , x±1

N
]

<latexit sha1_base64="Cpb9GZvG1JDXeQIBIlbvkndRSj0="></latexit>

• Elliptic cohomology class:  copies of functions on |ℳ𝖳H
H | (Eτ)N

ETH
(MH) ,!

M

↵2MTH
H

‘functions’ on EN

⌧

<latexit sha1_base64="qRGCqa86uafP9MiwUhTJLNo9Ul4="></latexit>

• (Extended) elliptic cohomology classes are sections of line bundles over the elliptic cohomology 
scheme

ETH
(MH) :=

0

B@
G

↵2MTH
H

O↵

1

CA /�

<latexit sha1_base64="aFq7+Tg+Cc1KnT1N1a4Hg+T554Y="></latexit>

O↵ = EN
⌧ ⇥ EPic(MH)

⌧
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• Notion of fundamental class ⇥ : KTH
(MH) ! ETH

(MH)
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Mirror dual boundary conditions

• Mirror symmetry should exchange vertex functions. What is the dual boundary condition?

• Collide exceptional Dirichlet with interface. I 2 ETH⇥TC
(MH ⇥MC)

<latexit sha1_base64="VznLcrb2350sSoZh0tqrZFC3KKE="></latexit>

• Collision = putative inner product on elliptic cohomology.

• We obtain the elliptic stable envelope of [Aganagic, Okounkov]

hB↵, Ii = StabElliptic
↵

<latexit sha1_base64="INv5eEg3aX6CwG47csBK8VCGX7g="></latexit>



Mirror symmetry of vertex functions

• Elliptic stable envelope is a map Stab : ETH
(MTH

H
) ! ETH

(MH)

<latexit sha1_base64="XuSdAQODCIULd9YBb9mmJApHIP8="></latexit>

• The support is stable Supp Stab(↵) ⇢
[

�↵

L+
�

<latexit sha1_base64="3HC0U6wlC6ItYMRt/3TYLd3rZIU="></latexit>

• Collision gives the dual boundary condition as enriched Neumann. The Higgs branch image is the stable 
envelope.

• ‘Up-down’ basis in spin chain



Example:

• Elliptic stable envelope becomes diagonal in specialised limits:



Unitarity of Stab

• Inner product tells us

• ESE is an orthornormal change of basis on E𝖳H
(ℳH)

ZI⇥T 2(EN↵,EN
0
�) = hStab↵|Stab0�i = �↵�

<latexit sha1_base64="emZkA4u4xpklC8Fnq/uZcfvoFoQ="></latexit>

ZI⇥T 2(ED↵,ED
0
�) = hL↵|L0

�i = �↵�
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• Left and right means flip chamber (reverse orientation)



Twisted indices

•  and  twisted indices are partition functions on . (3d lift of A and B model)


• Can be expressed as Witten indices:


• Count states in  (or ) cohomology. Expect to compute sheaf cohomology groups of unmarked 
(twisted) quasimap moduli spaces.


• We can compute either index by a technique called Coulomb branch localisation.


• General principle: the path integral can be sliced and three manifold pfns factorise (holomorphic 
factorisation [Beem et. al]):

A B S2 ×A/B S1

QH QC

IA,B(T ) = TrHS2
A,B

(�1)F qJ tR

<latexit sha1_base64="2vTFhdpaYyHAnDnADCC4iT5lMz4="></latexit>



Mirror symmetry of twisted indices

• Instead, expand in stable basis (enriched Neumann boundary conditions) and use mirror 
symmetry. Proof by picture:



Quantum K-theory ( -twist)B

• Enhance the setup with chiral operator insertions (line operators here)

F ,G 2 KTH
(MH)
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hFGi =
X

↵

V(F)
↵ V(G)

↵

<latexit sha1_base64="TBcAWSkMAZllFFHAkoRy+P131+I="></latexit>

• Gauge/bethe etc. [Nekrasov and Shatashvili, Okounkov et. al.] tell us: U~(ĝ) y KTH
(MH)Loc.

<latexit sha1_base64="Jq7GTq6lg+KYLXqEHHRoPBgjw+Q="></latexit>

• Quantum K-theory construction of [Smirnov et. al.] define a ‘curve corrected’ version of                       
with algebra structure:

KTH
(MH)

<latexit sha1_base64="VuSzjXK1Q1I45csvHy34k390pSY=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahbkoiFV0W3RREqNAXtCFMppN26GQSZiZCCVm68VfcuFDErZ/gzr9xmmahrQcGzj3nXube40WMSmVZ30ZhZXVtfaO4Wdra3tndM/cPOjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1Jjczv/tAhKQhb6lpRJwAjTj1KUZKS655fOsmgwCpsfSTVuo20kpWYcSSO12euWbZqloZ4DKxc1IGOZqu+TUYhjgOCFeYISn7thUpJ0FCUcxIWhrEkkQIT9CI9DXlKCDSSbJDUniqlSH0Q6EfVzBTf08kKJByGni6M9t50ZuJ/3n9WPlXTkJ5FCvC8fwjP2ZQhXCWChxSQbBiU00QFlTvCvEYCYSVzq6kQ7AXT14mnfOqXate3NfK9es8jiI4AiegAmxwCeqgAZqgDTB4BM/gFbwZT8aL8W58zFsLRj5zCP7A+PwBxVeZ0A==</latexit>

QKTH
(MH) = Z[s±1, x±1, t±1, ⇣±1]/Bethe equations

<latexit sha1_base64="BUOn+lsglzR+vdjBH83XZS90wRg="></latexit>



•                      is generated by quantum tautological classes: 

• Sometimes it happens that 𝒱̂ = 𝒱

QKTH
(MH)

<latexit sha1_base64="1HKEiSaSWRsOD67xkGPq0EBP99I=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5JIRZdFNwURWugL2hAm00k7dDIJMxOhhGzd+CtuXCji1j9w5984TbPQ1gMD555zL3Pv8SJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHXRnGApMODlko+h6ShFFOOooqRvqRICjwGOl509u533sgQtKQt9UsIk6Axpz6FCOlJdeErTs3GQZITaSftFO3kVayCiOW3Ovy3DXLVtXKAFeJnZMyyNF0za/hKMRxQLjCDEk5sK1IOQkSimJG0tIwliRCeIrGZKApRwGRTpJdksIzrYygHwr9uIKZ+nsiQYGUs8DTndnOy95c/M8bxMq/dhLKo1gRjhcf+TGDKoTzWOCICoIVm2mCsKB6V4gnSCCsdHglHYK9fPIq6V5U7Vr1slUr12/yOIrgBJyCCrDBFaiDBmiCDsDgETyDV/BmPBkvxrvxsWgtGPnMMfgD4/MHbziaKw==</latexit>

• In that case:

• From the point of view of holomorphic factorisation:

• No insertions then B-twisted index = Higgs branch Hilbert series!



Mirror symmetry of quantum K-theory? ( -twist?)A

• Mirror symmetry of twisted indices:

Already quite involved. Required duality interfaces 
and elliptic stable envelopes.

• Enhancing with operator insertions, the  side is the quantum K-theory.B

• Geometrically, we’ve shown the  version of this duality is the equivalence of ordinary 
quasimaps of  to twisted quasimaps of .

O(1)
ℳH ℳC



Summary

• Demonstrated that exceptional Dirichlet boundary conditions  reproduce enumerative 
invariants of symplectic resolutions (Operator count coincides with geometric localisation 
formulae).


• In particular, half indices yield Verma characters of quantised coordinate rings.


• We discussed the role of elliptic cohomology in boundary conditions of 3d  theories. 
Duality interfaces can be used to derive mirror dual boundary conditions: The mirror dual of 
exceptional Dirichlet is enriched Neumann. (Fixed point vs. Stable basis)


• Holomorphic factorisation in physics provides novel formulae for quasimap invariants. 


• The unitarity of the elliptic stable envelope implies mirror symmetry of twisted indices. It would 
be interesting to investigate the algebraic structure in more detail. In particular a mathematical 
definition of the A side is lacking.

ℬα

𝒩 = 4



Thanks 


